








THE SET OF PERIODS FOR THE MORSESMALE
DIFFEOMORPHISMS ON T2
JUAN LUIS GARCÍA GUIRAO1 AND JAUME LLIBRE2
Abstract. In the present paper, by using Lefschetz zeta function,
we study the set of periods of the MorseSmale diﬀeomorphisms de-
ﬁned on the twodimensional torus for every homotopy class.
1. Introduction and statement of the main results
In dynamical systems and, particularly in the study of the iteration of
selfmaps deﬁned on a given compact manifold (i.e. in discrete dynamical
systems), the periodic behavior plays an important role. These last thirty
years there was a growing number of results showing that certain simple
hypotheses force qualitative and quantitative properties (like the set of
periods) of a system. Perhaps the best known result in this direction is
the paper entitle “Period three implies chaos” for the interval continuous
selfmaps, see [12].
One of the most useful results for proving the existence of ﬁxed points,
or more generally of periodic points for a continuous selfmap f of a
compact manifold, is the Lefschetz Fixed Point Theorem and its im-
provements, see for instance [2, 6, 9, 13, 14, 15]. For studying the periodic
points of f it is convenient to use the Lefschetz zeta function Zf (t) of f ,
which is a generating function of the Lefschetz numbers of all iterates of
f . In Section 2 we provide a precise deﬁnition of all these notions.
Here we restrict our attention to the important class of discrete smooth
dynamical systems deﬁned by the MorseSmale diﬀeomorphisms. In or-
der to deﬁne them ﬁrst we recall some basic deﬁnitions and notations.
Let Diﬀ(M) be the space of C1 diﬀeomorphisms on a compact manifold
M. The set Diﬀ(M) is a topological space endowed with the topology of
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the supremum with respect to f and its diﬀerential Df . All the diﬀeo-
morphisms of this paper will be C1 diﬀeomorphisms.
We denote by fm the mth iterate of f ∈ Diﬀ(M). A point x ∈ M is
a nonwandering point of f provided that for any neighborhood U of x
there exists a positive integer m such that fm(U) ∩ U 6= ∅. The set of
nonwandering points of f is denoted by Ω(f).
Suppose that x ∈M. If f(x) = x and the derivative of f at x, denoted
by Dfx, has spectrum disjoint from the unit circle, then x is called a
hyperbolic ﬁxed point. If all the eigenvalues of Dfx lie inside the unit
circle, then x is called a sink. When all the eigenvalues have modulus
greater than one, x is called a source. Otherwise x is a called a saddle.
Suppose that y ∈ M. If fp(y) = y, then y is a periodic point of f of
period p if f j(y) 6= y for all 0 ≤ j < p. This y is a hyperbolic periodic
point if y is a hyperbolic ﬁxed point of fp. The set {y, f(y), . . . , fp−1(y)}
is called the periodic orbit of the periodic point y.
Assume d is the metric on M induced by the norm of the supremum,
and p is a hyperbolic ﬁxed point of f . The stable manifold of x is
W s(x) = {y ∈M : d(x, fm(y))→ 0 as m→∞},
and the unstable manifold of p is
W u(x) = {y ∈M : d(x, f−m(y))→ 0 as m→∞}.
For a hyperbolic periodic point x of period p, the stable and unstable
manifolds are deﬁned to be the stable and unstable manifolds of x under
fp.
A diﬀeomorphism f :M→M is MorseSmale if
(1) Ω(f) is ﬁnite,
(2) all periodic points are hyperbolic,
(3) for each x, y ∈ Ω(f), W s(x) and W u(y) have a transversal inter-
section.
The ﬁrst condition implies that Ω(f) is the set of all periodic points
of f .
Two diﬀeomorphisms f, g ∈ Diﬀ(M) are C1 equivalent if and only if
there exists a C1 diﬀeomorphism h : M → M such that h ◦ f = g ◦ h.
A diﬀeomorphism f is structurally stable provided that there exists a
neighborhood U of f in Diﬀ(M) such that each g ∈ U is topologically
equivalent to f .
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The class of MorseSmale diﬀeomorphisms is structurally stable inside
the class of all diﬀeomorphisms (see [17]), so to understand the dynamics
of this class is a relevant problem.
During the last quoter of the XX century several papers were published
analyzing the relationships between the dynamics of the MorseSmale
diﬀeomorphisms and the topology of the manifold where they are deﬁned,
see for instance [7, 8, 16, 19].
MorseSmale diﬀeomorphisms have a relatively simple orbit structure.
In fact, they have a ﬁnite set of periodic orbits, and this structure is
preserved under small C1 perturbations. Franks [7] linked the periodic
behavior of a MorseSmale diﬀeomorphism to its action on the homol-
ogy. For a given manifold and a homotopy (or isotopy) class of maps on
this manifold, this result provides a necessary condition for the Morse
Smale dynamics which can occur in that homotopy (or isotopy) class.
Narasimhan [16] showed for a compact surface that the homotopy class
of the identity can exhibit a given MorseSmale dynamics provided it
satisﬁes Franks' condition [7] and two other necessary properties. Es-
sentially, the homotopy class of the identity on a compact surface can
admit any periodic behavior consistent with the Lefschetz zeta function.
Certainly, the hypothesis of working in the homology class of the identity
is a restriction.
Batterson [3] for the orientationpreserving MorseSmale diﬀeomor-
phisms on the twodimensional torus T2 extended the Narasimhan's re-
sult, providing necessary and suﬃcient conditions on the set of periodic
orbits for any homotopy class. For obtaining this result, he used the fact
that the induced homology homomorphisms are quasiunipotent (i.e., ev-
ery eigenvalue of each homology homomorphism is a root of the unity)
for a homotopy class admitting a MorseSmale diﬀeomorphism, see Shub
[18].
For orientationreversing diﬀeomorphisms there are additional obstruc-
tions to the ones given by the Lefschetz zeta function. Blanchard and
Franks [5] have shown that if an orientationreversing homeomorphism
on S2 has periodic orbits having two distinct odd periods, then the topo-
logical entropy of this homeomorphism is positive. This implies that
the orientationreversing MorseSmale diﬀeomorphisms on S2 cannot
have more than one odd periods. In [5] is was conjectured: If f is an
orientationreversing homeomorphism of a compact oriented surface of
genus g, and if f has orbits with g+2 distinct odd periods, then the topo-
logical entropy of f is positive. This result has been proved by Handel
[10]. Thus an orientationreversing MorseSmale diﬀeomorphism on T2
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has orbits with at most two diﬀerent odd periods. With this new infor-
mation Batterson [4] provided necessary and suﬃcient conditions on the
set of periodic orbits that can be exhibited by an orientationreversing
MorseSmale diﬀeomorphisms on T2.
In this setting a natural question is the characterization of the set of
periods of a MorseSmale diﬀeomorphism deﬁned on a compact mani-
fold. Our aim in the present paper is to answer this question for the
orientationpreserving and the orientationreversing MorseSmale dif-
feomorphisms on T2. Key tools for doing that are the results obtained
by Franks [9] on the Lefschetz zeta function for C1 maps having only
hyperbolic periodic points, and the previous results from Batterson on
MorseSmale diﬀeomorphisms on T2.





































where r ∈ {0, 1, 2, ...}. Any induced homology homomorphism f∗1 on the
ﬁrst rational homology group of a MorseSmale diﬀeomorphism f on T2
is a matrix of Gl(2,Z) similar to one of the previous seven matrices, see
Lemma 3 of [3] or Proposition 11. When f∗1 is similar to the matrix A
we write f∗1 ≈ A. We note that an orientationreversing MorseSmale
diﬀeomorphisms on T2 induces an homology homomorphism on the ﬁrst
rational homology group which is similar either to the matrix A3, or to
the matrix A4. The other ﬁve matrices are induced by the orientation
preserving MorseSmale diﬀeomorphisms of T2.
Our main results are the following.
Theorem 1. Let f be an orientationpreserving MorseSmale diﬀeo-
morphism on T2, and let f∗1 be the induced homology homomorphism on
its ﬁrst rational homology group. We denote by S any ﬁnite set of positive
integers, eventually S can be empty. Then
Per(f) =

S if f∗1 ≈ A1,
S ∪ {1} if f∗1 ≈ A2,
S ∪ {1, 2} if f∗1 ≈ A5,
S ∪ {1, 3} if f∗1 ≈ A6,
S ∪ {1, 2, 3} if f∗1 ≈ A7.
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Conversely, any set of the form S, S∪{1}, S∪{1, 2}, S∪{1, 3} and S∪
{1, 2, 3} is realizable as the set of periods for some orientationpreserving
MorseSmale diﬀeomorphism f on T2 having f∗1 ≈ Ai for i equal to 1,
2, 5, 6 and 7, respectively.
Theorem 2. Let f be an orientationreversing MorseSmale diﬀeomor-
phism on T2, and let f∗1 be the induced homology homomorphism on its
ﬁrst rational homology group. We denote by S any ﬁnite set of even pos-
itive integers, eventually S can be empty. Let p and q be two arbitrary




or S ∪ {p},
or S ∪ {p, q},
if f∗1 ≈ Ai for i = 3, 4. Conversely, any set of the form S, S ∪ {p} and
S∪{p, q} is realizable as the set of periods for some orientationreversing
MorseSmale diﬀeomorphism f on T2 having f∗1 ≈ Ai for i = 3, 4.
When two MorseSmale diﬀeomorphisms f and g on T2 are homotopic,
we shall write g ' f . We deﬁne the minimal set of periods of the Morse





From Theorems 1 and 2 it follows immediately the next result.
Corollary 3. Let f be a MorseSmale diﬀeomorphism on T2, and let




∅ if f∗1 ≈ Ai for i = 1, 3, 4,
{1} if f∗1 ≈ A2,
{1, 2} if f∗1 ≈ A5,
{1, 3} if f∗1 ≈ A6,
{1, 2, 3} if f∗1 ≈ A7.
When two continuous selfmaps f and g on T2 are homotopic, we shall





Using the results of [1] we obtain the following result.
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Proposition 4. Let f be a continuous selfmap on T2, and let f∗1 be the




∅ if f∗1 ≈ Ai for i = 1, 3, 4,
{1} if f∗1 ≈ Ai for i = 2, 6,
{1, 2} if f∗1 ≈ A5,
{1, 2, 3} if f∗1 ≈ A7.
We remark that in six of the homotopy classes of MorseSmale diﬀeo-
morphisms MPerms(f) = MPer(f), but in the class for which f∗1 ≈ A6
we have
MPerms(f) = {1, 3} ) MPer(f) = {1}.
The rest of the paper is structured as follows. The Lefschetz zeta
function is deﬁned in Section 2. In Section 3 we present the basic results
of Franks and Batterson that we shall use in the proofs of our results.
Proposition 4 is proved in Section 4. Finally, Theorems 1 and 2 are
proved in Section 5.
2. Lefschetz zeta function
We will study the set of periods of the MorseSmale diﬀeomorphisms
on T2 using the Lefschetz ﬁxed point theory. The key work of Lefschetz
in 1920's was to relate the homology class of a given map with an ear-
lier work on the indices of Brouwer on the selfmaps of compact mani-
folds. These two notions provide equivalent deﬁnitions for the Lefschetz
numbers, and from their comparison, one obtains information about the
existence of ﬁxed points.
Given a continuos map f : M → M on a compact ndimensional





where f∗k : Hk(M,Q) → Hk(M,Q) is the induced homomorphism by f
on the kth rational homology group ofM. For k = 0, ..., n, theHk(M,Q)
is a ﬁnite dimensional vector space over Q, and the f∗k is a linear map
given by a matrix with integer entries. One of the main results connecting
the algebraic topology with the ﬁxed point theory is the Lefschetz Fixed
Point Theorem:
Theorem 5. Let f :M→M be a continuous map on a compact manifold
and L(f) be its Lefschetz number. If L(f) 6= 0 then f has a ﬁxed point.
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For a proof of Theorem 5 see [6].
Our interest is to describe the set of periods of f . To this purpose, it
is useful to have information on the whole sequence {L(fm)}∞m=0 of the
Lefschetz numbers of all the iterates of f . Thus we deﬁne the Lefschetz
zeta function of f as








This function generates the sequence of all Lefschetz numbers, and it
may be computed independently through [9]






where n = dimM, nk = dim Hk(M,Q), Ink is the nk×nk identity matrix,
and we take det(Ink − tf∗k) = 1 if nk = 0.
By simple calculations using (1) we obtain the Lefschetz zeta functions
for the diﬀerent homotopy classes of MorseSmale diﬀeomorphisms on T2:
Proposition 6. Let f be a MorseSmale diﬀeomorphism on T2 such that
its homology homomorphism f∗1 is the matrix Ai. Then
Zf (t) =

1 if f∗1 ≈ Ai with i = 1, 3, 4,
(1 + t)2
(1− t)2 if f∗1 ≈ A2,
1 + t2
(1− t)2 if f∗1 ≈ A5,
1− t3
(1− t)3 if f∗1 ≈ A6,
1 + t3
(1− t)(1− t2) if f∗1 ≈ A7.
3. Franks and Batterson results
If γ is a hyperbolic periodic orbit of period p, then for each x ∈ γ
let Eux denotes the subspace of TxM generated by the eigenvectors of
Dfpx corresponding to eigenvalues whose moduli are greater than one.
Let Esx be the subspace of TxM generated by the remaining eigenvectors.
Deﬁne the orientation type ∆ of γ to be +1 if Dfpx : E
u
x → Eux preserves
orientation, and -1 if it reverses orientation. Note that ∆ is well deﬁned.
The index u of γ is the dimension of Eux for some x ∈ γ. Finally, we
deﬁne the triple (p, u,∆) associated to γ.
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For a diﬀeomorphism having all its periodic orbits hyperbolic, its peri-
odic data is deﬁned to be the collection consisting of the triples (p, u,∆),
where the same triple can occur more than once provided it corresponds
to diﬀerent periodic orbits. Franks [7] proved the following result.
Theorem 7. Let f be a C1 map on a compact manifold having ﬁnitely
many periodic orbits all of which are hyperbolic, and let Σ be the period





Using this notion of periodic data Batterson in [3] and [4] characterized
the orientationpreserving and the orientationreversing MorseSmale
diﬀeomorphisms on T2, respectively. His results can be stated as follow.
Theorem 8. Let g ∈ Diﬀ(T2) and suppose that g preserves the orienta-
tion. There exists a MorseSmale diﬀeomorphism f on T2 isotopic to g
and with periodic data {(pi, ui,∆i)}ni=1 if and only if





(c) ∆i = +1 for each i with ui ∈ {0, 2}.
If p is an odd positive integer, then the collection {(p, 0,+1), (p, 2,−1),
(2p, 1,+1)} is a minimal data collection. The minimal data collection
associated to p contains the fewest numbers of periodic orbits possible in
an orientationreversing MorseSmale diﬀeomorphism on T2.
Theorem 9. Let g ∈ Diﬀ(T2) and suppose that g reverses the orienta-
tion. There exists a MorseSmale diﬀeomorphism f on T2 isotopic to g
and with periodic data {(pi, ui,∆i)}ni=1 if and only if
(a) ui = 0 and uj = 2 for some i and j,




(c) ∆i = +1 if ui = 0, and ∆i = (−1)pi if ui = 2,
(d) {pi}ni=1 contains at most two diﬀerent odd numbers,
(e) if g∗1 ≈ A3 then {(pi, ui,∆i)}ni=1 is not a minimal data collection.
4. Proof of Proposition 4
From now on let f be a MorseSmale diﬀeomorphism deﬁned on T2.
Let f∗1 : H1(T2,Q) → H1(T2,Q) denote the ﬁrst induced homology
homomorphism, corresponding to some 2 × 2 matrix A of integers. Let
d be det(f∗1) and t be the trace(f∗1).
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The seven matrices of Proposition 11 represent exactly the diﬀerent
homology homomorphism f∗1 of the homotopy classes of MorseSmale
diﬀeomorphisms on T2. We associate to each matrix its pair (trace,
determinant) = (t, d). Thus, we have A1 ↔ (2, 1), A2 ↔ (−2, 1), A3 ↔
(0,−1), A4 ↔ (0,−1), A5 ↔ (0, 1), A6 ↔ (−1, 1), A7 ↔ (1, 1).
The minimal set of periods for continuous selfmaps of the twodimensional
torus are described in [1]. The set of periods are characterized up to ho-
motopy by the following four subsets:
(i) If t− d = 1, then MPer(f) = ∅,
(ii) If t 6= 0 and t+ d = −1, then MPer(f) = {n : n is odd},
(iii) If t+ d = 0 or t+ d = −2, then MPer(f) = N\{2},
(iv) If (t, d) does not satisﬁed (1)(3), then MPer(f) = N,
and the following nine exceptional cases for (t, d) given in
{(−2, 1), (−2, 2), (−1, 0), (−1, 1), (−1, 2), (0, 0), (0, 1), (0, 2), (1, 1)}.









(0, 1) {1, 2}
(0, 2) N\{4}
(1, 1) {1, 2, 3}
Table 1. The set MPer(f) in the nine exceptional cases.
Since MorseSmale diﬀeomorphisms have a ﬁnite number of periodic
points, the pairs (t, d) for the seven matrices must be either case (i),
or in one of the nine exceptional cases. In fact, the matrices Ai's for
i ∈ {1, 3, 4} satisfy (i), and the matrices Ai's for i ∈ {2, 5, 6, 7} belong to
the exceptional cases.
From these previous results on the set MPer(f) it follows Proposition
4.
For the seven matrices of Proposition 11 we have the following result,
taking into account that the MorseSmale diﬀeomorphisms f : T2 → T2
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with f∗1 ≈ Ai is a subset of all the continuous selfmaps of T2 with
f∗1 ≈ Ai
Proposition 10. Let f be a MorseSmale diﬀeomorphism on T2 such
that its homology homomorphism f∗1 is the matrix Ai. Then
MPerms(f) ⊃ MPer(f) =

∅ if f∗1 ≈ Ai with i = 1, 3, 4,
{1} if f∗1 ≈ Ai with i = 2, 6,
{1, 2} if f∗1 ≈ A5,
{1, 2, 3} if f∗1 ≈ A7.
Note that Corollary 3 improves Proposition 10.
5. Proofs of Theorems 1 and 2
From now on let f be a MorseSmale diﬀeomorphism deﬁned on T2. It
is well known that the induced homology homomorphisms of a homotopy
class of MorseSmale diﬀeomorphisms are quasiunipotent, see [18]. The
following result is proved in Lemma 3 of [3].
Proposition 11. Let A ∈ Gl(2,Z) and suppose that both eigenvalues of
A are roots of unity. The A is similar over the integer to exactly one of
the matrices Ai for i ∈ {1, . . . , 7}.
The seven matrices of Proposition 11 represent exactly the diﬀerent
homology homomorphism f∗1 of the homotopy classes of MorseSmale
diﬀeomorphisms on T2.
Proof of Theorem 1: Let f be an orientationpreserving MorseSmale dif-
feomorphism on T2, and let f∗1 be the induced homology homomorphism
on its ﬁrst rational homology group.
First, we assume that f∗1 ≈ A1. Clearly, since a MorseSmale diﬀeo-
morphism has ﬁnitely many periodic orbits, Per(f) is equal to a ﬁnite
set of positive integers eventually empty.
Now, we prove the converse, i.e. for a given set S empty or formed by
ﬁnitely many positive integers we shall see that there exists an orientation
preserving MorseSmale diﬀeomorphism f such that f∗1 ≈ A1 and Per(f)
= S.
If S = ∅ then we consider the diﬀeomorphism f on T2 deﬁned by the
linear map A1 : R2 → R2 and the identiﬁcation of T2 with R2/Z2. Then
from the results of [1] and [11], it follows that Per(f) = ∅.
Now we assume that S is not the empty set. We work with the Morse
Smale diﬀeomorphisms f such that f∗1 ≈ A1, given by Theorem 8(a).
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Then we have a such f with at least one sink and one source correspond-
ing to the triples (p1, 0,+1) and (p2, 2,+1), respectively; eventually p1
and p2 can coincide. So, by Proposition 6 and Theorem 8(b), the Lef-
schetz zeta function of f , Zf (t), is equal to 1 and must have at least the
two factors
(1− tp1)(1− tp2)
(1− tp1)(1− tp2) .
Taking into account Theorem 8(b,c) and that a MorseSmale diﬀeomor-




with p an arbitrary positive integer can appear in Zf (t) = 1. Therefore,
by Theorem 8(b), in this case any ﬁnite set of positive integers can be
the set of periods of f . Hence, Theorem 1 is proved when f∗1 ≈ A1.
Suppose now that f∗1 ≈ A2. Then, by Proposition 10 we have that
1 ∈ Per(f). Since a MorseSmale diﬀeomorphism has ﬁnitely many
periodic orbits, Per(f) is equal to S ∪ {1}, where S is empty or a ﬁnite
set of positive integers.
We prove the converse, i.e. for a given S ∪ {1} where S is empty or
formed by an arbitrary ﬁnite number of positive integers we shall see
that there exists an orientationpreserving MorseSmale diﬀeomorphism
f such that f∗1 ≈ A2 and Per(f) = S ∪ {1}. So, by Proposition 6,
the Lefschetz zeta function of f , Zf (t), is equal to (1 + t)2/(1 − t)2.
By Theorem 8(b,c) and since a MorseSmale diﬀeomorphism has ﬁnitely
many periodic orbits, a ﬁnite number of factors of the form (1− tp)/(1−
tp), with p an arbitrary positive integer can appear in Zf (t). In short, by
Theorem 8(b), in this case the set of periods contains the number 1 and
eventually an arbitrary ﬁnite set of positive integers. Hence, Theorem 1
follows for f∗1 ≈ A2.
The cases f∗1 ≈ A5 or f∗1 ≈ A7 follow using the same arguments than
in the case f∗1 ≈ A2.
Suppose now that f∗1 ≈ A6. Then, by Proposition 10 we have that
1 ∈ Per(f). Moreover, by Proposition 6 and Theorem 7 we get that
{1, 3} ∈ Per(f). Since a MorseSmale diﬀeomorphism has ﬁnitely many
periodic orbits, Per(f) is equal to S ∪{1, 3}, where S is empty or a ﬁnite
set of positive integers.
We prove the converse, i.e. for a given S ∪ {1, 3} where S is empty
or formed by an arbitrary ﬁnite number of positive integers we shall see
that there exists an orientationpreserving MorseSmale diﬀeomorphism
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f such that f∗1 ≈ A6 and Per(f) = S ∪ {1, 3}. So, by Proposition 6,
the Lefschetz zeta function of f , Zf (t), is equal to (1 − t3)/(1 − t)3.
By Theorem 8(b,c) and since a MorseSmale diﬀeomorphism has ﬁnitely
many periodic orbits, a ﬁnite number of factors of the form (1− tp)/(1−
tp), with p an arbitrary positive integer can appear in Zf (t). In short,
by Theorem 8(b), in this case the set of periods contains the numbers 1
and 3, and eventually an arbitrary ﬁnite set of positive integers. Hence,
Theorem 1 follows for f∗1 ≈ A6. So the proof of Theorem 1 is done.
Proof of Theorem 2: Let f be an orientationreversing MorseSmale dif-
feomorphism on T2, and let f∗1 be the induced homology homomorphism
on its ﬁrst rational homology group. By Handel's Theorem (see [10] or
the introduction), the set of periods of f contains at most two odd num-
bers.
Since a MorseSmale diﬀeomorphism has ﬁnitely many periodic orbits
(eventually the set of periodic orbits can be empty), Per(f) is equal to
a ﬁnite set of positive integers or to the empty set, and since this set
of periods contains at most two odd numbers the direct statement of
Theorem 2 is proved.
We denote by S any nonempty ﬁnite set of even positive integers,
or the empty set. Let p and q be two arbitrary distinct odd positive
integers. Now, we shall prove the converse when f∗1 ≈ A3; i.e. for a
given set S, S ∪ {p} and S ∪ {p, q} we shall see that there exists an
orientationreversing MorseSmale diﬀeomorphism f such that f∗1 ≈ A3
and Per(f) is either S, or S ∪ {p}, or S ∪ {p, q}, respectively.
First assume that S = ∅. Then, from the results of [1] and [11], the
diﬀeomorphism f on T2 deﬁned by the linear map A3 : R2 → R2 and the
identiﬁcation of T2 with R2/Z2, satisﬁes that Per(f) = ∅.
Now suppose that S 6= ∅. By Theorem 9(a) we have an f with f∗1 ≈ A3
and with at least one sink and one source corresponding to the triples
(p1, 0,+1) and (p2, 2,+1), respectively; eventually p1 and p2 can coincide.
So, by Proposition 6 and Theorem 9(c), the Lefschetz zeta function of f ,
Zf (t), is equal to 1 and must have at least the two factors
(1− tp1)(1 + (−1)p2tp2)
(1− tp1)(1 + (−1)p2tp2) .
Taking into account Theorem 9(b,c) and that a MorseSmale diﬀeomor-
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with p3 (either an arbitrary positive even integer, or p, or q) can appear
in Zf (t) = 1. Therefore, by Theorem 9(b,e), in this case any of the three
sets S, S ∪ {p} and S ∪ {p, q} can be the set of periods of f . Hence,
Theorem 2 is proved when f∗1 ≈ A3.
The proof of the converse in the case f∗1 ≈ A4 is similar.
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